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Session 6 Linear receivers

Transmitted Signal:

V (t)cosωct︸ ︷︷ ︸
In−Phase

−W (t)sinωct︸ ︷︷ ︸
Quadrature

Input: X (t)+Transmitted Signal (X (t) is the Gaussian Noise.
In-Phase: Multiply by 2cosωct then pass through an LPF =⇒
Xc(t) + V (t)
Quadrature: Multiply by −2sinωct then pass through an LPF =⇒
Xs(t) + W (t)

H(ω) =

{
1, |ω| ≤ ωc

0, elsewhere
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• Equivalent Noise BW Wn = 1
|Hmax |2

∫∞
0 |H(f )|2df

•rms BW W 2
rms =

R∞
−∞ f 2|H(f )|2dfR∞
−∞ |H(f )|2df

•Power Transfer Function must fall faster than 1
f 2 .

• Half-Power (3-dB) BW W 1
2
: LPF frequency at which magnitude

of power transfer function falls to 1
2 that at origin.

SY (f ) = SX (f )|H(f )|2

•BPF width of frequency span between 1
2 amplitude points of

power transfer function around center frequency of passband.
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Now consider our standard receiver structure:
• Let sk(t) be the transmitted signal, k ∈ {0, 1}
• Let X (t) be Gaussian noise, WSS, aero-mean, SX (ω)
• Let si (t) be the signal with noise
• Let Zk(t) be the signal after h(t)
• s0(t), s1(t) arbitrary: 0 → s0(t) and 1 → s1(t)
Assume (s0 ∗ h)(T0) > (s0 ∗ h)(T0); WLOG:
(si ∗ h)(T0) =

∫∞
−∞ si (T0 − α)h(α)dα

Zk(t) =
∫∞
−∞ h(t − α)[sk(α) + X (α)]dα

=
∫∞
−∞ h(t − α)sk(α)dα +

∫∞
−∞ h(t − α)X (α)dα

= ŝk(t) + X̂ (t)
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Let’s look at the estimated output mean:
µ̂k(T0) , E{Zk(T0} = ŝk(T0) E{X (t)} = 0, WSS process.
The estimated variance (noise power) is:
σ̂2

k , var{Zk(T0} = CZk
(0) = E{[X̂ (T0)]

2}
= RX̂ (0) = E{[X̂ (T0)]

2} ∀t.
Because Zk(t) is co-variance stationary.

1. RX̂ (0) =

RX̂ (0)︷ ︸︸ ︷
(h ∗ h̃ ∗ RX )(0)

2. E{[X̂ (T0)]
2} = E{[

∫∞
−∞ h(T0 − τ)X (τ)dτ ]2}∫∞

−∞
∫∞
−∞ h(T0 − τ)h(T0 − λ) RX (τ − λ)︸ ︷︷ ︸

E{X (τ)X (λ)}

dτdλ

=
∫∞
−∞

∫∞
−∞ h(u)h(v)RX (v − u)dudv

3. RX̂ (0) = E{[X̂ (t)]2} = 1
2π

∫∞
−∞ |H(ω)|2SX (ω)dω
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Zk(T0) is therefore a Guassian r.v. with mean µ̂k(T0) and variance
of σ̂2

k .
P(error|0sent) = p(Zk(T0) < γ|0sent)
= p(Z0(T0) < γ)

= Φ(γ−µ̂0(T0)
σ̂0

)

= Φ(γ−Ŝ0(T0)√
RX̂ (0)

). (1)

Pe,1 = p(Z1(T0) ≥ γ)
= 1− p(Z1(T0) < γ)

= 1− Φ(γ−µ̂1(T0)
σ̂1

)

= Φ(γ−Ŝ1(T0)√
RX̂ (0)

). (2)

Pe,0 = 1− Φ( Ŝ0(T0)−γ√
RX̂ (0)

). (1)


