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session 4 /Z-Transform

Outline:

e Z-transform

e Relevant sections in P & M Text:
e Sections 3.1, 3.2, 3.4.3,3.6.1-3.6.4
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session 4 /Z-Transform

Outline:

e 7/-transform
CT,LTI,ha(t
etu(t) > ®

Ha(s) = £{ha(t)}

£ - Laplace Transform
LT, k]

Ha(s)e

Consider: x[n] = a" y[n] =7

For all n, y[n] = £5°___h[k]x[n — k] = £3°___h[k]a"~k
— (T Ak

e Defining Z-Transform (ZT) of h[n]:

H(z) = 252 _oohln]z™"

n LTI h[n] [ ]_ ( )
—oo<n<oo

where H(a) is the ZT of h[n] evaluated at z = a. Vé estern
a

x[n] = a"
—_——
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session 4 /Z-Transform

Examples:
1. x[n] = a"u[n]
2. x[n] = —a"u[-n—1]

3. x[n] = a"u[n] + b"u[—n — 1]
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Properties of ZT:

e Shifting Property:

Z{x[n— K]} = z7kX(2)

e Convolution Property:

Z{x[n] % h[n]} = X(z)H(z) e See Table 3.2 on p.173 for further
properties of ZT.

For an LTI DT system, Y(z) = H(z)X(z)

Y(2)

Hz) = Z{H) = 55

e z; is a pole of H(z) if H(z)
e 7y is a pole of H(z) if H(z)

00.
0.
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ZT Analysis of LTI SYstem Described by Difference Equations:
e Shifting Property:

Z{y[nl} = Z{~5N_,aiyln — K]} + Z{Z}M ybixln — K]}

Y(2) = N axz7kY[Z] + =M bz K X[2]}

Convolution Property:

_ Y _ Tlbz*
H(z) = X(z) = T7) ez F
MybLm—1, . 4 om
:b27MZ +%z ++b0
07=N ZNia N1+ Fay
_ b N-M (z=21)(z=22)(z—2m)
= boz T ) P ()
e z; : zeros of H(z)

e py: poles of H(z).
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» Assume poles are unique and M < N (if not, perform long
division first).
(Keep in mind: 0[n — K| A z7k)

» Partial Fraction Expansion (PFE):
H(z) = Az + Ao+ + A

> where Ay = ZLAH(z)|,=p,
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e Basic inversion result:

z {pgu[n], if ROC C {|z| > |p|}

1= .
Z — pk —pRu[—n—1], if ROC C {|z| < |p«|}

e for repeated poles, see pp.191-193 in P & M Text.
— Example 3.4.7.
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oifzi£p, i=12-,Mj=12- N:

Then H(z)|z=p; = 0.

e ROC cannot contain a pole e Assume poles ordered as:
Ip1| < lp2| < -+ < [pn]

e ROC must lie in an annular region: |px| < |z| < |pk+1]
e Causality requires h[n] = 0 for n < 0

e Implies h[n] must be "right-sided” sequence

e ROC of H(z) must be |z| > |py]

e Pp: pole with largest magnitude
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