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INTRODUCTION

w xIn the proof that a quasinormal subgroup is subnormal 4 , one only
needs to show that it is permutable with all of its conjugates. This leads to
a new concept concerning subgroups.

DEFINITION. A subgroup H of a group G is a conjugate-permutable
Ž . g gsubgroup of G H - G , if HH s H H for all g g G.CyP

In the first section we prove that conjugate-permutable subgroups are
subnormal, and we prove some elementary properties of conjugate-permu-
table subgroups. We also give examples of subnormal subgroups that are
not conjugate-permutable subgroups, and of conjugate-permutable sub-
groups that are not quasinormal. Some of the results in the second section
are:

THEOREM. If G is a finite group and any cyclic subgroup H of any
Ž .P g Syl G , H - G, then G is nilpotent.p CyP

THEOREM. If G is a locally finite group and for some prime p all cyclic
subgroups of order a power of p are conjugate-permutable subgroups of G,

Ž .then P g Syl G , P is normal in G.p

THEOREM. If G is a group containing a finite subgroup P such that
Ž .P g Syl G and P - G, then P is normal in G.p CyP

THEOREM. If G is a locally finite p-group p an odd prime such that any
� Ž . i4cyclic subgroup H - G, then T s x g G N O x F p is a normal sub-CyP i

group of G.
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THEOREM. If G is a finite group and there exist H - G such that H isCyP
Ž .a maximum subgroup of a P g Syl G , then H or P is normal in G.p

1. PRELIMINARIES

Remark 1.1. Any quasinormal subgroup is a conjugate-permutable sub-
group.

²Ž .Ž .:EXAMPLE 1.1. Let H s 12 34 - S . H is a conjugate-permutable4
subgroup of S , but H is not a quasinormal subgroup of S .4 4

LEMMA 1.1. If H - G and x , . . . , x g G, then H x1 H x 2 ??? H x n isCyP 1 n
permutable with any finite product of conjugates of H.

LEMMA 1.2. If H - G and H F K F G, then H - K.CyP CyP

� 4LEMMA 1.3. If H - G, G is a finite group, and g , . . . , g are aCyP 1 n
Ž . G g1 g 2 g n Žtrans̈ ersal of N H , then H s H H ??? H note that if H is a p-groupG

G.so is H .

Ž .LEMMA 1.4. If H - G and f is a homomorphism of G, then f HCyP
Ž .- f G .CyP

LEMMA 1.5. If H is a maximal conjugate-permutable subgroup of G, then
H eG.

Proof. Suppose that H is not normal in G then ' g g G such that
H g / H. Since HH g - G, HH g s G. Let K s H g, now g s hk whereCyP
h g H and k g K. Thus K s H g s H hk s H k, so K s K ky1 s H, a con-
tradiction.

COROLLARY 1.1. If H - G and G is a finite group, then H isCyP
subnormal in G.

² 8 2 7: ² :EXAMPLE 1.2. Let D s x, y N x s y s 1, yxy s x , H s y , and8
² 6: Ž .K s yx . Then H is subnormal in D since D is nilpotent , but8 8

HK s 1, yx6 , y , x6 / 1, yx6 , y , x 2 s KH.� 4 � 4
So H is not a conjugate-permutable subgroup.

COROLLARY 1.2. If G is a finite group with all maximal subgroups
conjugate-permutable subgroups, then G is nilpotent.

LEMMA 1.6. If H - G and H is a finite simple group, then, for anyCyP
g w g x � 4g g G, H s H or H, H s 1 .

Proof. Since H - G, H - HH g, and HH g is a finite group.CyP CyP
Thus, by Corollary 1.1, H is subnormal in HH g.
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g � 4Let K s H l H from above K is subnormal in H, so K s H or 1
Ž Ž ..note that K s H if and only if g g N H . If H is a nonabelian simpleG

Ž . w x w g x � 4group and g f N H , then, by 4, 13.3.1 , H, H s 1 . If H is anG
Ž . gabelian simple group and g f N H , then HH is an abelian group ofG

2 gw x � 4order p , so H, H s 1 .

COROLLARY 1.3. If G is a finite group, H - G, and H is a simpleCyP
group, then

H G ( H = H = ??? = H ,^ ` _
n-times

w Ž .x Ž Gwhere G: N H s n note that if H is nonabelian, then H is a minimalG
.normal subgroup of G .

LEMMA 1.7. If H is a nonabelian simple subnormal subgroup of a finite
group G, then H - G.CyP

w x g w g x � 4Proof. By 4, 13.3.1 , for any y g G, H s H or H, H s 1 . So
g gHH s H H and H - G.CyP

Remark 1.2. If H is an abelian simple subnormal subgroup of a finite
group G, then H need not be a conjugate-permutable subgroup of G, for
example, H in Example 1.2.

2. THEOREMS

THEOREM 2.1. If G is a group containing a finite subgroup P such that
Ž .P g Syl G and P - G, then P is normal in G.p CyP

< g < g Ž .Proof. For all g g G, PP is a p-number. Thus PP g Syl G andp
P eG.

THEOREM 2.2. If G is a finite group and there exist H - G such thatCyP
Ž .H is a maximum subgroup of a P g Syl G , then H or P is normal in G.p

Proof. Assume that H is not normal in G. By Lemma 1.3 H G is a
G G Ž .p-group and since H / H , H g Syl G .p

COROLLARY 2.1. If G is a finite group and there exist H - G suchCyP
Ž .that H is a maximum subgroup of a P g Syl G , then G is sol̈ able.2

G < G <Proof. H is a 2-group, and GrH s 2m or m where m is odd. Thus
G GH and GrH are solvable, so G is solvable.

LEMMA 2.1. If G is a finite group and for some prime p all cyclic
subgroups of order a power of p are conjugate-permutable subgroups of G,

Ž .then P g Syl G , P is normal in G.p
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Ž . � 4Proof. Let P g Syl G , P s x , . . . , x . By Lemma 1.3 for all i,p 1 n
² :G ² :G ² :Gx is a normal p-subgroup of G. Therefore H s x ??? x is ai 1 n
normal p-subgroup of G and P F H, so P is normal in G.

THEOREM 2.3. If G is a finite group and any cyclic subgroup H of any
Ž .P g Syl G , H - G, then G is nilpotent.p CyP

Ž .Proof. By Lemma 2.1 for any prime P g Syl G , P is normal in G.p

THEOREM 2.4. If G is a locally finite group and for some prime p all cyclic
subgroups of order a power of p are conjugate-permutable subgroups of G,

Ž .then P g Syl G , P is normal in G.p

² :Proof. Let x and y be p-elements of G, and H s x, y , H is a finite
�group satisfying Lemma 2.1 so xy is a p-element. Therefore S s x g G: x

4is a p-element is a normal subgroup of G.

LEMMA 2.2. If G is a finite p-group p an odd prime with all subgroups of
� Ž .order p are conjugate-permutable subgroups of G, then T s x g G: O x F

4p is a normal subgroup of G.

² :GProof. By Corollary 1.3 for all x g T , x is a normal elementary
w x ² :G² :Gabelian subgroup of G. Let x, y g T , by 4, 5.2.8 , x y is a nilpotent

w xgroup of class at most 2. Therefore, by 4, 5.3.5 ,

p
p Ž .p p 2w xxy s x y x , y ,Ž .

w x ² :G ² :G Žw x. Ž . p p pbut since x, y g x l y , O x, y s p or 1. Thus xy s x y s
1, and T is a normal subgroup.

LEMMA 2.3. If G is a locally finite p-group p an odd prime with all
�subgroups of order p are conjugate-permutable subgroups of G, then T s x g

Ž . 4G: O x F p is a normal subgroup of G.

² :Proof. Let x and y g T , and H s x, y , H is a finite group satisfying
pŽ .Lemma 2.2, so xy s 1.

LEMMA 2.4. If G is a locally finite p-group p an odd prime with all
subgroups of order p are conjugate-permutable subgroups of G, then gï en

² : 3x, y g G of order p x, y is a group of order F p .

² : w x w x ² :HProof. Let H s x, y . Assume that x, y / 1, then x, y g x l
² :H w xy . So x, y commutes with x and y. Thus

x yp p² :w x w x w xH s x , y : x s y s 1, x , y s x , y s x , y

3has order p .
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THEOREM 2.5. If G is a locally finite p-group p an odd prime such that
� Ž . i4any cyclic subgroup H - G, then T s x g G N O x F p is a normalCyP i

subgroup of G.

Proof. By Lemma 2.3, T is a normal subgroup of G. Let i q 1 be the1
˜first case where T is not a normal subgroup of G. Let G s GrT , byiq1 i

˜ ˜ ˜� Ž . 4Lemma 2.3, T s x g G: O x F p is a normal subgroup of G, a contra-
diction.

COROLLARY 2.2. If G is a locally finite group and for some odd prime p
all cyclic subgroups of order a power of p are conjugate-permutable subgroups

� Ž . i4of G, then T s x g G N O x F p is a normal subgroup of G.i

Proof. By Theorems 2.4 and 2.5 and the fact that T is a normal subseti
of G.
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