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INTRODUCTION

In the proof that a quasinormal subgroup is subnormal [4], one only
needs to show that it is permutable with all of its conjugates. This leads to
a new concept concerning subgroups.

DerFiNnITION. A subgroup H of a group G is a conjugate-permutable
subgroup of G(H < ._,G), if HH® = H8H for all g € G.

In the first section we prove that conjugate-permutable subgroups are
subnormal, and we prove some elementary properties of conjugate-permu-
table subgroups. We also give examples of subnormal subgroups that are
not conjugate-permutable subgroups, and of conjugate-permutable sub-
groups that are not quasinormal. Some of the results in the second section
are:

THEOREM. If G is a finite group and any cyclic subgroup H of any
P € Syl,(G), H <._pG, then G is nilpotent.

THEOREM. If G is a locally finite group and for some prime p all cyclic
subgroups of order a power of p are conjugate-permutable subgroups of G,
then P € Sylp(G), P is normal in G.

THEOREM. If G is a group containing a finite subgroup P such that
Pe Sylp(G) and P < -_pG, then P is normal in G.

THEOREM. If G is a locally finite p-group p an odd prime such that any
cyclic subgroup H < «_pG, then T, = {x € G | O(x) < p'} is a normal sub-
group of G.
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THEOREM. If G is a finite group and there exist H < ._ G such that H is
a maximum subgroup of a P € Syl (G), then H or P is normal in G.

1. PRELIMINARIES

Remark 1.1.  Any quasinormal subgroup is a conjugate-permutable sub-
group.

ExampLE 1.1. Let H = {(12)(34)) < S,. H is a conjugate-permutable
subgroup of §,, but H is not a quasinormal subgroup of §,.

LemmA 1.1. If H <._pG and x,,...,x, € G, then H*H"? --- H*" is
permutable with any finite product of conjugates of H.

Lemma 1.2, IfH <._pGand H <K < G, then H < _pK.

LEMMA 13. If H <._pG, G is a finite group, and {g,,...,g,} are a
transversal of N;(H), then H® = H8H®$> - H%" (note that if H is a p-group
sois HO).

LEMMA 14. If H <._pG and f is a homomorphism of G, then f(H)
<c-pf(G).

LeEmMA 1.5. If H is a maximal conjugate-permutable subgroup of G, then
H<G.

Proof. Suppose that H is not normal in G then 3 g € G such that
Hé$ # H. Since HH® <._,G, HH® = G. Let K = H8, now §= hk where
heHand k€ K. Thus K = H® = H" = H* so K=K* = H, a con-
tradiction. |

CoroLLARY 1.1. If H<._pG and G is a finite group, then H is
subnormal in G.

ExamPLE 1.2. Let Dy =(x,ylx®*=y? =1, yy =x"), H=(y), and
K = {(yx®). Then H is subnormal in Dy (since Dy is nilpotent), but

HK = {l,yxe,y, xe} #* {1,yx6,y, x2} = KH.
So H is not a conjugate-permutable subgroup.

CoRoLLARY 1.2. If G is a finite group with all maximal subgroups
conjugate-permutable subgroups, then G is nilpotent.

Lemma 1.6. If H <._poG and H is a finite simple group, then, for any
g€ G, H=HSor[H,H?] = {1}.

Proof. Since H <._,G, H<._p,HHS$, and HH?¢ is a finite group.
Thus, by Corollary 1.1, H is subnormal in HHS.
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Let K= H N H¢ from above K is subnormal in H, so K = H or {1}
(note that K = H if and only if g € N;(H)). If H is a nonabelian simple
group and g & N;(H), then, by [4, 13.3.1], [H,H$]={1}. If H is an
abelian simple group and g & N;(H), then HH$ is an abelian group of
order p?,so [H, H]={1}. 1

CoRroLLARY 1.3. If G is a finite group, H < ._pG, and H is a simple
group, then

H = HXHX - XH,

n-times
where [G: N;(H)] = n (note that if H is nonabelian, then H is a minimal
normal subgroup of G).

LemmA 1.7. If H is a nonabelian simple subnormal subgroup of a finite
group G, then H < -_,G.

Proof. By [4, 13.3.1], for any y € G, H=H?¢ or [H, H%] = {1}. So
HH® = H®H and H <._,G. 1

Remark 1.2. If H is an abelian simple subnormal subgroup of a finite
group G, then H need not be a conjugate-permutable subgroup of G, for
example, H in Example 1.2.

2. THEOREMS

THEOREM 2.1. If G is a group containing a finite subgroup P such that
Pe Sylp(G) and P < -_,G, then P is normal in G.

Proof. For all g € G, |PP#| is a p-number. Thus PP¢ € Syl (G) and
P<G. 1

THEOREM 2.2. If G is a finite group and there exist H < . _ G such that
H is a maximum subgroup of a P € Syl p(G), then H or P is normal in G.

Proof. Assume that H is not normal in G. By Lemma 1.3 HY is a
p-group and since H + H°, HY € Syl (G). |

CoRrRoOLLARY 2.1. If G is a finite group and there exist H < o_,G such
that H is a maximum subgroup of a P € Syl,(G), then G is solvable.

Proof. H€ is a 2-group, and |G /H®| = 2m or m where m is odd. Thus
H¢ and G/HY are solvable, so G is solvable. [

Lemma 2.1. If G is a finite group and for some prime p all cyclic
subgroups of order a power of p are conjugate-permutable subgroups of G,
then P € Sylp(G), P is normal in G.
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Proof. Let P € Syl (G), P={x,,...,x,}. By Lemma 13 for all i,
(x,>? is a normal p-subgroup of G. Therefore H = (x,)° - (x,)" is a
normal p-subgroup of G and P < H,so P isnormal in G. |

THEOREM 2.3. If G is a finite group and any cyclic subgroup H of any
V= Sylp(G), H < _pG, then G is nilpotent.

Proof. By Lemma 2.1 for any prime P € Syl (G), P is normal in G. 1

THEOREM 2.4. If G is a locally finite group and for some prime p all cyclic
subgroups of order a power of p are conjugate-permutable subgroups of G,
then P € Sylp(G), P is normal in G.

Proof. Let x and y be p-elements of G, and H = {x, y), H is a finite
group satisfying Lemma 2.1 so xy is a p-element. Therefore S = {x € G: x
is a p-element} is a normal subgroup of G. |

LEMMA 2.2.  If G is a finite p-group p an odd prime with all subgroups of
order p are conjugate-permutable subgroups of G, then T = {x € G: O(x) <
p} is a normal subgroup of G.

Proof. By Corollary 1.3 for all x € T, (x)“ is a normal elementary
abelian subgroup of G. Let x,y € T, by [4, 5.2.8], {x)°{y)“ is a nilpotent
group of class at most 2. Therefore, by [4, 5.3.5],

)4
()" =xryr[x,y]?,
but since [x, y] € (x)° N (y)°, O(x, y]) = p or 1. Thus (xy)? = xPy? =
1, and T is a normal subgroup. |

Lemma 2.3. If G is a locally finite p-group p an odd prime with all
subgroups of order p are conjugate-permutable subgroups of G, then T = {x €
G: O(x) < p} is a normal subgroup of G. 1

Proof. Let xand y € T,and H = {x, y», H is a finite group satisfying
Lemma 2.2,s0 (xp)? = 1. |

Lemma 2.4. If G is a locally finite p-group p an odd prime with all
subgroups of order p are conjugate-permutable subgroups of G, then given
x,y € G of order p {x,y) is a group of order < p*.

Proof. Let H = (x,y). Assume that [x, y] # 1, then [x, y] € (x)" n
(™. So [x, y] commutes with x and y. Thus

H={x,y:x? =y =1, [x,y]" = [x,y] = [x,y])

has order p3. 1
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THEOREM 2.5. If G is a locally finite p-group p an odd prime such that
any cyclic subgroup H < ._pG, then T, = {x € G | O(x) < p'} is a normal
subgroup of G.

Proof. By Lemma 2.3, T; is a normal subgroup of G. Let i + 1 be the
first case where T;,, is not a normal subgroup of G. Let G = G/T,
Lemma 2.3, T = {x € G: O(x) < p} is a normal subgroup of G, a contra—
diction. |

CoROLLARY 2.2. If G is a locally finite group and for some odd prime p
all cyclic subgroups of order a power of p are conjugate-permutable subgroups
of G, then T, = {x € G | O(x) < p'} is a normal subgroup of G.

Proof. By Theorems 2.4 and 2.5 and the fact that 7; is a normal subset
of G. 1
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