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CHAPTER XIX

PLATO IN THE ACADEMY-—FORMS AND NUMBERS

10 us Plato is first and foremost a great writer, but from his
own point of view, books and the study of them are a
secondary interest with the ‘“ philosopher ”’; what counts
as supreme is a life spent in the organized prosecution of discovery
{6 ovliv). There can be no doubt that Plato thought his work as
the organizer of the Academy much more important than the writing
of dialogues. Since Aristotle commonly refers to the teaching given
in the Academy as Plato’s ““ unwritten doctrine ” (dypaga Sdyuara),
we may be reasonably sure that Plato did not even prepare a MS.
of his discourses. This explains why there were several different
versions in the next generation of the famous lecture on “the
Good,” which seems to have contained Plato’s most explicit account
of his own philosophy. We are told that several of the hearers,
including Aristotle, Xenocrates, and Heraclides of Pontus, all
published their notes of it, and the obvious implication is that there
was no “ author’s MS.” to publish. Consequently we have to
discover Plato’s ultimate metaphysical positions indirectly from
references to them in Aristotle, supplemented by occasional brief
excerpts, preserved by later Aristotelian commentators, from the
statements of Academic contemporaries of Aristotle, like Xeno-
crates and Hermodorus. This creates a serious difficulty. When
it-is a mere question of what Plato said, the testimony of Aristotle
is surely unimpeachable; but when we go on to ask what Plato
meant, the case is different. Aristotle’s references are all polemical,
and Aristotle is a controversialist who is not unduly anxious to
be ‘“sympathetic.” Unfortunately, too, mathematics, the science
specially important for its influence on Plato’s thought, is the one
science where Aristotle shows himself least at home. Thus there is
always the possibility that his criticisms may rest on misunder-
standing. And the misunderstandings may not even originate
with him. The criticism of Plato all through the Metaphysics
seems to be subsidiary to Aristotle’s standing polemic against
Xenocrates, the contemporary head of the Academy. Hence it is
.possible that much of the criticism of Metaphysics M-N, the most
sustained antf i polemic in _Aristotle, 'may be directed
tathef against Academic misinterpretation of Plato than against
Plato himself.

In a necessarily brief statement our safest course is to deal
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only with views expressly attributed by Aristotle to Plato, and
with them only so far as their meaning seems to be beyond reason-
able doubt. This is, at any rate, all I can attempt in the space at
my disposal. But we must carefully avoid the nineteenth-century
mistake of treating the statements described by Aristotle under
the name of the  doctrine ” (mwpaypereia) of Plato as a sort of
senile dotage. Aristotle definitely identifies Platonism with these
doctrines and never even hints that he knew of any other Platonism,
though he does occasionally remark that the dialogues differ from
the “unwritten” discourses. It seems to follow that the theories
called Plato’s by Aristotle must have been formulated as early as
367 B.C., the year of Aristotle’s entry into the Academy, and, quite
possibly, even-earlier.

When we turn to these Aristotelian statements we find that,
for the most part, they amount to a version of the theory of forms
with a very individual character, and of a much more developed
type than anything the dialogues have ascribed to Socrates. There
are also one or two other notices of specific peculiarities of Plato’s
doctrines, all concerned with points of mathematics, and it is with
some of these I propose to begin, as they may help us to understand
the point of view from which the doctrine of forms as known to
Aristotle was formulated.

We must remember that though mathematics was by no means
the only science cultivated in the Academy, it was that which
appealed most to Plato himself, and that in which the Academy
exercised the most thoroughgoing influence on later developments.
All the chi i fri 10wn to us between
the foundation of the Academy and the rise of the scientific schools
“of Alexandria belong to the Academy. _In Plato’s own lifetife,
Theaetetus had completed the edifice of elementary solid geometry,
by discovering the inscription of the octahedron and icosahe Ton in

the sphere. He and Eudoxus and others had laid _the foundations
~6f the doctrine of quadrafic surds as worked out in the tenth book
B EUChdS ents; Budoxus had invented the method of approxi-
mating to the lengths and areas of curves byExhaustiom(the ancient
tvalent of the Integral Calculus), and had recast the whole
octrine of rati fion J in whic
“ft 1 Euclid’s fifth book, for { it_applicable
inCommensurables.”. We naturally expect to find traces in
"PIato's doctrine of this special preoccupation with the philosophy
of mathematics which is characteristic of the work of the wodo%%
To understand the motives which were prompting the Academy
to a reconstruction of the philosophy of mathematics, we must go
ﬂhum,oﬂ an account of the Academic work in mathematics I may refer the
reader to any of the standard works on the historyof mathematics, e.g. Zeuthen,
Histoive des mathématiques dans I'antiquité et le moyen dge (Fr. tr., Paris, 1902),
or, for a still briefer account, Heiberg, Mathematics Y Lqu]
(Eng. tr.,, Oxford, 1922). The ancien
second prologue to Proclus’ Commeniary on Euclid i, and in the scholia to
“Encha:

b
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back to the age of Zeno. In the Pythagorean mathematics of the N?f

re were aWs.

VS ne was that
C metic, the Pyihac
oreans had made the pomnt correspond to the number I. as IS
‘mdicated in the traditional definition.of the point, often mentioned.
mwn Aristotle, that it is 4 vis Eyovoa 0 “ax with ition.”
The identificat { )]
yolume, and was ruined by Zeno’s acute argumen
ossibility _of unending bisection of the strai -
“possibility of making a line longer or a volume bigger by adding a

‘point to it. There are just two ways of meeting the difficulty :

@) one is to evade it, by severing geomeiry Irom iis dependence—on

“arithmetic, as Euclid does; the other is that actually hinted at by
Zeno’s own language and definitely adopted by modern philo-
sophical mathematicians, of making the point correspond to o
and Tegarding 0, notf 1, as the first of the integers®@ It was towards
“this view that Plato was feeling hisway, as we shall see imm v

o2

integer,
old philo-
sophy of mathematics as it stood are possible.

surrender the parallelism between_geometry and arithmefic by
admitting the existence of surd geometrical magnitudes, but deny-
“ing that there are " surd ’ numbers. This is the position taken by
“Aristotle ords and tacitly by later mathematicians Like

£

“Euclid, who always represents an  incommensurable ”’ by a line

tation from the f\@.?

v

g

e

he other great trouble was the discovery that there are “incom. 72 ﬁ.ﬁ%ﬁ

One is again to m.&

oran area, The other is that of modern rafionalisfic mathematfics, hv

to revise the conception of number itself, so that ii becomes
‘possibl ne . irrational t_varions. ki i
““formulate laws for their addition and multiplication in terms of the
" already known arithmetic of integers. 1©he problem has only been
satisfactorily solved in the work of the last half-century, but, as we
saw in dealing with the Epinomis, this was the line which already
commended itself to Plato. Geometry and ‘ stereometry ' are,
according to him, really the arithmetic of the quadratic and cubic
““ surds,” as plane geometry has been said in our own time to

be simply the “algebra of complex numbers.” .In_ this way the

132

arallelism of geo i
“and_enlarged conception of arithmetic jtself&)

* With these considerations in mind, we can readily understand
certain statements which Aristotle mak mathematical
iews of Plato. Hrmmwm three such statements which we may

at ponce elucidate. @ Plato stated that the “point’” was a
qu.om. the definition o i

teger-series in Frege's Grundgeseize dev Avith-

or a Teal COMPIENens afoS T
._grasp of the modern logic of arithmetic,
~{butalsgmecessary) such an exposition as that gi i

of Professor G. H. Hardy’s Pure Mathematics,

T ——
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or - upit.’ 1t has no magnitude of its own but is ““ the beginning ~’
of the straighf liie which has such.a magnitude (3ts length). In
ek

i 1
other words, what _in_arithmeti he point is not

“~Symbo . The underlying thought is that w
Tn later Greek Platonists when they speak of a line as the * fluxion

(pvos) of & point, in the very terminology Newton was later to

infroduce mto English. We are on the track of the ideas and
terminology of the inventors of what we call the Differential
Calculus. Itis true, of course, that this notion of an * infinitesimal
which is not quite nothing nor quite something, but a nothing in
the act of turning into something, involves a logical paradox and
that it has only been finally disposed of by the purification of
mathematical logic, which has eliminated ‘“infinitesimals” from
the so-called Infinitesimal Calculus. But the Calculus had to be
there first before its purification from bad logic could be possible,
and it is hard to see how it could everhave been originated without

this defective but useful conception. ,@v_w (Mei. ibid. 22) Rlato . often,

used to assume his indivisible lines = (moAddwic ériber ta; drduovg
Y POILLBS) . TISTOTIE, who apparently distinguishes this point from
the one he has just mentioned, does not explain its meaning. In
the textually badly corrupt Peripatetic tract de Lineis insecabulibus,
which appears to be a polemic of an Aristotelian of the first genera-.

e =

fion against Xenocrates, the "indivisible line ” is regarded as a
~yriifiTiam length, and_ it 1§ urged thatf. there are inguperable geo-
“fnetrical difficulties about such a conception, as, in fact, there are.
WHat Plato may have meant by the expression we can only coi-
jecture. As a conjecture I offer the suggestion that his intention
is precisely to_deny the conception attributed to some Academic,
apparently Xenocrates, by the Peripaietic fract, A line, however
ghort, 1s ‘‘indivisible ”’ in the sense that ) éﬂ
elements which are not themselves lines—in_other words, it is 3
—~gontinuum,” The point mal i
addition or summation, but by & flowing "} a straight or other
“HreisHol made of mow@m in the way n which a wall is made of
bricks laid end to end. Plato said that “ there is a first 2
and a first 3-~and the numbers are not addible to_one another..’
[Mel. M 10832 32, the one statement about numbers which is
definitely attributed to Plato by name in the last two books of the
Metaphysics). A simi int is made about the Academy gener-
ally in the Ethics (E.N. 1096a 17 ff.), where We are to ey
“held That there is no form (idéa) Ol NUMDET, DECEUSE (M HNMDErs

-

@ Cf. the observations of Stenzel, Zahl 1. Gestalt, 89 fi. The technical

Ll I - -
expressions petw, puaes, the source of Newton’s language about ‘ fluents ™
h’

télian commentators and were presumably coin
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there is a before and an after,” i.e. because numbers form a series.

The meaning of these statements seems not to have DEEN clearto
Aristotle, but is manifest to anyone who has learned to think of
number en mathématicien. Th is that the series of numbersis  T<
not made by adding “ units”’ together. E.g. we saythat3==l=4. p .
“But we do not mean that 3 is three “units ” or that 415 3 and 1; 147 s
4 is not four I’s, or a 3 and a 1 1t is one 4. What we really add mi«x_\\
~fogether Is Tot_numbers but aggregates or collections, "Thus it 1s L e..@v
frue that if you have a_group of # things and another group of m 4t

things, and form the two into one group, the new group contains ¢
JRELL L .

?

“m—-n things, but it is not true that the number m-Fu-contains a m ¢
mber 7. Lhe importance of this view is that it ?«mm %}

. the wh ion_of number. The fifth- mx %«v i

‘century theory, still represented by Fuclid’s definition of dpifuds h\

(Elemenis vii. def. z) is that a " number ™ 1s mAjfos wovddoy, a

“ fi 's.”” On_the new view, the only really sound one,

) liection ”’ ; the statement that 3=2-+1, whi

is the definifi does not mean that 3.is ** and a1, but that

31s the term of the integer-series which comes t after ” 2.

number # and a nu

—YThis explain§ why there is no iorm of number.] The reason is
that each ' number 15 itself a mowﬂpﬁémtm!mmgw\ implied in the
Phacdo itself when Socrates spoke of © the number 2~ and the
number 3 ” as instances of what he meant by a form} Hence the
ordered series of integers is not(a form, it is a seri
The pomnt may be grasped if we remember that in our own philo-
sophy of mathematics we do not find it possible to define * number
or even ‘‘integer " ; all that we can do is to define the series of
integers or the series, e.g., of “rea » numbers, and to define indi-
vidual numbers. 1 can define ““ the integer series ” as a series of
a certain type with a certain first term, and I can define “the
integer ’ #-+1 by saying that it is the number of that series which
is mext after », but I cannot really define “ integer.”  Aristotle
is never tired of arguing agains there is no number
Except what Aristotle calls  mathematical ”” number, or alter-
natively _fumber made of LS " Tuovadixos _dpifuds) ; “buf_ihe,
Simple truth is that #o - number ~ is ‘* made of 1’s,” and that it is
precisely what Aristotle calls mathematical ~’_number which has
To existence except in..pisi n. Pl z have
been led to this demial that numbers are *‘ addible ” hy his recog:
“nition that ‘‘ surds ' like /2, 3 J2, must be admitted into arithmetic
as numbers, since 1t 1s evident thal Do process oi _ adding I tor”
could ever vield stch numbers 3s these@ Thus this doctrine also
may well be connected with the fact that the “ real ”’ numbers form _
. But it IS impottant to be cleat on the point that the

3T number is not really generated by addition of 1's

.

Drhis is the consideration made prominent in the treatment of the doctrine
by M. Mithaud in Les Philosophes-gfomdives de la Gréce a WOL really indiss
S ensableto thechudent of Plato. But, as we shall see immediately, it is not
the whole, nor the most important part, of Plato’s doctrine.
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applies equally to the numbers of the integer-series, which is not a
continuum.

This bri consi otle’s account o
Plato’s_theory of forms. According to the Melaphysics,® Platg

actually called the forms numbers and maintained that eacH form

S6F number has two constituentsthe One} which Aristotle regards as

the COnstitaent, ang gomrethin : -and-small.”

or “the indeterminate duality ” (ddpworos 8vds), which Aristotle

“freats as a ginaterial constituent.y In_other words,. a number.is
something which arisés Trom the defermination of a determingble,
(the presnmesalt by e Ufe.  Since the forms are gmﬂ causes |

~ of 811 other things, these it 3 orms & at

ifients of everything, and this is what is meant by the state-

et that other things - participate . in the formdy Arstotle
“Fetnarks on the theory that it is of the same type as the Pythagorean

doctrine that ““ things are numbers,” orare ™ 1mitations of numbers,”
~Buf differs Trom that view by substituting the “‘ duality ~ of the

~great-and-small ' for the “ indefinite "’ (dmepor) as one constituent

of~fimbers, and also_Dy maintaining that “ mathematicals™ (ra

pafnparicd) are Intermediate bhetween Eﬁwﬁb&%@.

things, whereas the Pythagoreans said that the nnmbers{gzz the

Thingd®_Te seems also to connect this theory with the special
point in respect of which he holds Plato and the Pythagoreans
inferior to Socrates, namely, that they *‘separated’ (éxdpioav)
the ““universals ”” or forms from * things " as Socrates had not
done.*

It is plain from the explanations attempted by the later com-
mentators on Aristotle that the chief source from which the doctrine
alluded to in the Metaphysics was known in antiquity was the
reports of the auditors of Plato’s famous lecture on “the Good.”
As we do not possess these reports and cannot be sure how far the
statements of Peripatetic commentators on Aristotle about them
can be trusted, we need to be cautious in our interpretation. But
there are certain points on which we can be reasonably certain.
It is quite clear from th cha i : i

‘against_ ideal numbers,” that the numbers which Plato declared...

1 Met. A 987b 18-25.
@E‘Eﬂ%&ﬁu& at_as we have been told b us,

all the characters of * things ** depend on the geometrical structure of their

BarTiTles Znd tUs i te end. ofi the structure of the - triangles © into which,
ammeMm.ma these particles can be resolv. And a triangle is determined again
v TATée ~mumbers,  those which give the lengths of its sides.
(G Met. A 087b 25-28. Qddly enough, he does not mention the much more
important point that the One is made by Plato the formal constituent in a
Tmber, Whereas the orTEans tangnt et e M IS THe TS
“of the combinafion of {kerr two consti
“Bad correctly st i ine just before, Met. A
4 Met. M 1078b 30. Plato is not named in this passage,
of the criticism passed immediately below (1078b 34 fi.) with that made on
Plato at A ggob 2z ff., shows that Aristotle regards the charge of making the
' separation " as applicable to him.
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to be forms are just the integers and nothing else, and also that
the doctrine does not mean that it is denied that “ man,
and the like are forms, bt that ~the form of man =~ and the like
are now held To be thHemselves il some sense ' numbers.” Hence
Aristotle can raise the difficilty whether the ‘ units ”” which make
up the number which is the form of man or horse are the same as
those which are found in the form of animal, or those of the form
of man the same as those of the form of horse (Met. 10812 o,
1082a 18, T084a 13). It also looks as though Aristotle meant fo
ascribe to Plato, as well as to the Pythagoreans, the view that the
“nTeper-series i a succession of repetitions of fhe numbers up fo 10,
so that the Form-numbers would be, in a special sense, the first
“tennatural numbers. (E.g. Met. 1084a 12, though the allusion there
might be rather to a theory of the Pythagoreans and Speusippus
than to a personal view of Plato.) It seems clear, at any rate, that
the key to the doctrine, if we could recover it, would be found
in a theory of the character of the series of integers up to 10.
To some extent, at least, it seems possible to recover this key.
We have to begin by understanding what is meant by speaking of
one constituent of a number as the ‘ great-and-small "’ and by
calling this an “ indeterminate duality.” Even without the help
of the commentators on Aristotle, the Philebus would enable us to
give a reasonable answer to this question. We saw there that
“ {hat which admits of more and less indefinitely ” was Plato’s
description of what we ¢all a " continguni, though thé humber-
series itself does not nigure among the examples of continua ENIWW

Tin_the dialogue. _ This enables us to see at once why Plato spoke’

of what the Pythagoreans had called the ““ unlimited ”* (drepov) as
a “great-and-small ” or a * duality.” It] it i
can_be varied indefinitely in either of two directions. Probably
“the commentators are right in connecting this with the more specific
view that you can equally reach. plurality, starting from unity,
by multiplication or_by division, e.g. when you divide a given class
“Tegarded as a whole into sub-classes, you have two or more more
determinate forms within the original yéves. This indicates a direct
connexion between the theory of number ascribed to Plato by
Aristotle and the preoccupation with the problem of the subdivision
of forms in the later dialogues on which Stenzel has done well to
insist, though he has allowed himself to neglect too much the speci-
fically mathematical problem. We can also see, I think, why the
other constituent of a number should be said to be * the one,”
and why the “ unit " is no longer regarded, in Pythagorean fashion,
as a ‘“blend” of “limit” with- the ‘““ unlimited,” but as itself
the ““limit.” Here, again, we have a point of contact with the theory
of logical “ division.”  As the Philebus had taught us, we may arrive
_at a “form” in either of two Ways, We may starl with.several
different €5y as many and seek to reduce them fo unity by showing
that they are all special determinations of a more general * form,”
or again we may start with the more general ~Iorfm " and-cdiseover

1)

N|~
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more specific ‘' forms” within it; whichever route we follow, we
presuppose as already iamiliar the notions of a form and of forms
in the plural. “ A’ and “ some ™ will be ultimate indefinables.?

In the case of numbers it is easy to see how the conception,
already implied in the Epinomis, of a “ continuum ” of “real
numbers leads to the P! i we Wi [SCoVer a
famber whose product by itself is 2, it is easy to show that we can
make steady approximation to such a number by constructing the
endless ‘‘ continued fraction ' :

141
241
241
241
2+ ...
By stopping off the fraction at successive stages, we get a number of
values 1, 1-+71, I-+1 | etc., with the following peculiarities. The
2 241
2

values are alternatively less and greater than N 2, and each value
differs from /2 less than the preceding value; by carrying the
fraction far enough, we can get a fraction a/b such that 4?/5* differs
from 2 by less than any magnitude we please to assign. This is
what we mean by saying that /2 is the limiting value to which the
fraction “ converges ’ when it is continued “to infinity.” Now
in forming the successive approximate values, or “ convergents,”
we are making closer and closer approximation to the precise
determination of an “infinite great-and-small.” It is * infinite
because however many steps you have taken, you never reach a
fraction which, when multiplied by itself, gives exactly 2z as the
product, though you are getting nearer to such a result at each
step. It is “great-and-small,” because the successive approxi-

mations are alternatively too small and too large. /2 s, s0 to say,
gradually pegged down between a “* too much ” and a “ too little,”
which are coming closer together all the time. I choose this parti-
cular example because this method of finding the value of what we

call Wz was pretty certainly known to Plato.?

1 We must, of course, distinguish carefully between the notion of “a "’ and
that of “the integer 1. The latter is definable exactly as any other integer
is. 1is the number of any group # which satisfies the conditions that (a) there
is an a which is an #; (b) b is an »*’ implies “’ b is identical with a.”” This
distinction is not yet clearly recognized in the Platonic formula.

2 The denominators and numerators of the successive * convergents ” are
the series called in Greek respectively the mheupicol and the Siauerpicol dpibpuol.
The rule for finding any number of them is given by Theon of Smyrna (p. 4344,
Hiller). The geometrical construction by which the rule was discovered is
given by Proclus (Comm. in Rempubl. il. 24, 27-29, Kroll). The source of
both Theon and Proclus appears to be the Peripatetic Adrastus in his com-
mentary on the Timaeus (Kroll, op. ¢it. ii. 393 f£.). Plato himself alludes to
the whevpirol and Staperpirol dpifpol at Rep. 546¢ 5.
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The same point might be similarly illustrated by the definitions
given by modern mathematicians of the ‘' real numbers.” The
definitions are to a certain point arbitrary, but they all turn on the
notion of a “ section.” E.g. we cannot find a rational fraction the
“square ” of which is exactly 2. But we can divide all rational
fractions into two classes; those of which the *‘ squares ” are less
than 2 and those of which the * squares ”’ are not less than 2. We
see at once that the first of these sets has no highest term, the second
no lowest, and that no fraction can belong either to both sets or
to neither set; thus our “section ” is unambiguous, f.e. every
fraction falls into one and only one of the two sets thus constituted.
We may then define the ' square root of 2 ”’ either as this ‘‘ section ”’
itself, or, if we prefer it, as the set of “ fractions whose squares are
less (or, if we like, greater) than 2.” Here again, the notion of a
““ section " of the rational fractions exhibits the Platonic characters.
It involves a ‘‘ duality,” or ‘‘ great-and-small,”” the two sets, one
of which has all its terms less than, the other all greater than, a
specified value, and the duality is ‘‘ indefinite *’ because one of the
sets has no highest term, the other no iowest. The section is a
determination of the “ great-and-small ” of the fractions by the
“one > precisely because it makes an unambiguous ‘‘cut” just
where it does. Other cuts can be made at other places in the
series, and each will define a different ““ real number.”

It is clear, however, that we have not yet exhausted the meaning
of Plato’s doctrine. From Aristotle’s polemic we see that the.
Platonic analysis was not meant to apply simply to the-ease-ef-the
irrationals ” whi a the first to recogni numbers
The theory also involves a doctrine of the structure of the integer-
series itself, since it_jis clear that the numbers with whi
are identified are, as Aristotle always assumes, the integers, The
integers themselves, then, have the ™ great-and-small ” and the
“one” as their constituents. How is this to be understood ?

@um. G. H. Hardy, Pure Mathematics®, p. 14. The * rational fractions ”
are, to be sure, not a continuum, but they satisfy the only condition for a
continuum known in Plato’s time, that between any two a third can always be
inserted. Stenzel rightly dwells on the connexion of the ‘* duality ” with
‘* convergence,’”’ but misses the illustration from the w\evpikol and diaperpixol
apifpol (Zahl u. Gestalt, 59). The endlessness of the ““ continued fraction
makes it clear why the ‘ great-and-small "’ was identified with the ‘ non-
being ”’ of which we read in the Sophistes (Aristot. Physics, A 192a 6 ff.).
The meaning of what is said about geometry, plane and solid, in the Epinomss
will thus be, that the real scientific problem is to obtain a series of “ approxima-
tions,” within a *‘ standard " which we can make as narrow as we please, to
the various quadratic and cubic surds. In doing so, we are discovering the
ratios of the * sides ”’ or * edges ” of the various regular polygons and solids
to one another. We discover, e.g., exactly how long—within a known ** stan-
dard ’~—a line nsust be if the area of the square or volume of the cube on it is
tobe 2, 3, 5... timesa given area and volume; and since all rectilinear areas
and volumes can be expressed as those of squares and cubes, this solves the
question of the surveyor and the * stereometer.” It is cisely with such
_metrical problems, relating to the i L Eugli

Is concerned; a 5afe indication of its Academic

i
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The difficulty is that the integers do not form a continuum, even
in the sense in which continuity means no more than infinite
divisibility, 7.e. the possibility of inserting a third term .between
any two given terms of the series. For each integer is “ next
after ”” another.

How, then, does Plato suppose the series of integers to be con-
structed? I doubt if the notices preserved to us enable us to answer
the question finally. What is clear is that Plato rightly rejects
the view retained by Aristotle, that an integer is a collection of
“1’s,” and that the series is thus constructed by additions of 1

%o ifself. 2 is nmot "1 and.x’ but “ihe number pext after 1.’
“(This ought to be plain from the simple consideration of the way
in which we learn to count. We do not count, ““ one, one, one, one,
. . .” but “ one, two, three . . .””}) But when we ask in what way
the “ duality ”” comes in in constructing the series of integers, we
are puzzled by the confusion which seems to run through Aristotle
and his commentators between the ‘indeterminate duality " or
‘ great-and-small ” and the wnumber 2. If it were only in the
polemic of Aristotle that this confusion were found, we might
conceivably dismiss it as a mere misunderstanding, but it appears
to have occurred also in the Academic reports of Plato’s doctrine.
The complete study of the problem would require a long discussion
of the mass of material collected and examined by M. Robin in his
volume La Théorie platonicienne. Here it must be enough to
remark that the following points seem to be quite certain. (1) The
“dyad " was called 3vowoids, because it ‘‘ doubles " everything
it ““lays hold of.” There is no doubt that the ““ dyad * meant is
the “ great-and-small,”” but ‘it also seems clear that there is a
confusion, perhaps from the very first, with the adro & &ore Suds,
the number 2, and that the function of the ““ dyad ” within the
integer-series is thought of as being to produce the series of
“powers” of 2 by repeated multiplication, I x2, Ix2x2,
I x2 x2 x 2, and so forth (cf. Epinomis ggra 1—4).1  (2) The “ one,”
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use of the ‘‘arithmetical mean” as an “equalizer,” E.N. 11324
1 ff. If this was the construction, it must be pronounced very
faulty. Not only does it involve the confusions of “a” with
and of “ plurality ”’ with 2, but it involves obtaining the terms
of the series in an wunnatural order and using more than
one principle of construction where one is sufficient. (The_one
really satisfactory way of defining the integers is to proceed by
‘“mathematical induction,” z.2. to deline each in terms of ifs im-
mediaté precursor. . 1his 15 readily done in the following way.
When we have defined the integer 7, we can go on to define #+ 1 by
the statement that #+1 is the number of members of a group
satisfying the conditions (a) that it contains a group with # mem-
bers, (b) that it contains a member & which is not a member
of this group; (¢) that it does not contain any member which
is neither 4 nor a member of the group of # members already
mentioned.)

If, as seems probable, Plato’s conception has these defects, we
must not be surprised. He probably started with the right con-
viction that what we should call the notion of a *‘section” is
necessary for the definition of the “‘irrationals,” and went on to
extend the conception to cover the case of the integers. What
could not be expected of the first thinker who had formed the

notion of a_* real " number is the recognition that infegers, rational
fractions, real numbers, do not form a single series, In_ofher.words
that the " infeger,” 2, the ‘' rational number ” 2/1, and the ‘‘ real
number 2 are all distinct... In the logical construction of the
types of number, we need three distinct steps: the rules for defining
the successive infegers, the derivation of the rational numbers
from the integers, and the derivation of the ‘ continuum ”’ of the real
numbers from the series of rational numbers. These, however, are
matters on which mathematical philosophers have only reached
clear comprehension in very recent times. The important point is

ﬂumﬁ. .Em;o should have grasped the necessity of enlarging the_

we are told, puts a stop to the * indeterminateness " of the “ great- T n_of number and of strictly defining numbers of
_all kinds.2—

and-small ” by “ equalizing” or “ stabilizing” it (r¢ iocdlew).?

This, I suggest, as my conjectural explanation of an obscure
expression, means that each odd number is the arithmetical mean
between the preceding and following even numbers, and so
“halves their difference.” FEach odd number will be got by
halving ““the sum of two even” numbers. Thus the order of the
“decade” will be, 1, 2, 4, 8; 3 (which equalizes 2z and 4);
6 (double of 3); 5, 7 (which “equalize” 4 and 6, and 6 and 8);
10 (double of 5); 9 (which equalizes 8 and 10).? Cp. Aristotle’s

1 Cf. Aristot. Mes. 1084a 5, 10912 12, 10824 14, 987D 33.

2 Plutarch, de Anim. procreat. 1012d, reporting the explanation of Xeno-
crates, éx 8¢ rovrwy yévéolBur rOv dpludy rTob évds dpliorTos TO mhfifos, Aristot.
Mes. M. 1083b 23, 29, where the “ unit " is said to arise from the * equal-
1zing ”’ of the ““ dyad ” of the great-and-small.

3 See Robin, La Théoris platonicienne, p. 449. The mathematical reader

will see at once a certain analogy between this procedure and the * quadri-
lateral conmstruction’ of von Staudt.

What are the * mathematicals ”’ which Plato distinguished from

his numbers or forms; Arisfotle tells us that they difier from

forms in the fact that they are many, whereas the form is one,

and from sensl ings by being eternal. (Mes. A 9870 15). It is

o0 be noted that he does not call them ‘‘ mathematical numbers,”

! Stenzel, Zahl u. Gestali, 31, gives a different construction, but without
justifying it. I venture to think he has been misled by an anxiety to discover
Plato’s number theory directly in the Philebus, where it could not have been
introduced without the dramatic absurdity of putting it into the mouth of
Socrates. In the main, I hope I am in accord with Burnet, Greek Philosophy,
Part 1., 320 ff. But I should say that I can make nothing of n. 2 to p. 320,
which manifestly is a non-sens. It appears to be a partially correct explanation
of something Aristotle tells us about the Pythagoreans, which has got into its
present place by some inadvertence. How can ™' the one ™ be the terms of the

seties /2, o/, AJ12 . . . P
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but r& pafpparwd, and that he never appears to ascribe to Plalo
the recognition of ‘‘ mathematical number.” The meaning seems
to me to be best shown by two passages in the Aristotelian corpus.
At Metaplyysics K 1059b 2 ff., it is made an objection to the theory
of Torms that just as the pabnpericd are intermediafe befween the
“form and sensible things, so there ought to be—on the theory—

something intermediate between such a_form as man or horse and

visible men and horses (though we see that there is not). This
mmplies that the " mafhematicals 7 are something quite familiar.
I would couple with this de Anima A 404b 19, where we are told that
in ro mept pihocodias Aeydueva Plato said that the form of animal
is composed of the one and “ the first length, breadth, and depth.”
The form of animal is, according to the Timaeus, the archetype
on which the sensible world is constructed, that is, it is the res
extensa, the subject-matter of geometry, and Aristotle’s meaning
is thus that this res extensa is constituted by the three dimensions
of length, breadth, and depth. These correspond, as the context
of the passage in the de Antma makes clear, to the numbers 2, 3, 4
(the line being determined by two points, the plane by three, three-
dimensional space by four). Thus Plato’s construction recalls the
Pythagorean tetractys of the numbers 1, 2, 3, 4. But he spoke
not of numbers, but of the first “length, breadth, depth.” This
seems to mean that though, as the Epinomis says, plane and solid
geometry may be identified with the study of certain kinds of
number, lengths, areas, volumes are not identical with numbers.
The study of number provides the key to all these relations, and
yet they are not themselves numbers, and the significance of
number is not exhausted by its geometrical applications.

So we, too, are familiar with analytical geometry in which we
study the properties of curves and surfaces by means of numerical
equations. All the properties of the curves and surfaces can be
discovered from these equations, but the application of equations
is not confined to geometry or geometrical physics; the same
methods, for example, play a prominent part in the study of
economics, as when we plot out curves to show the effects of modi-
fications of dnties on the ‘‘ volume " of foreign trade. In a word,
I take it, jthe * mathematicals ” are what the geometer studies. }

We may now perhaps be in a position toSee what 15 Meant by the
statement that the constituents of the forms are the constituents of
everything. The things of the sensible world, as we have learned

32

from the Philebus, are one and all in

they are even
or_processes tending to the realization of a de

Taw, Plato thinks, can be expressed in numerical form. Because

these things are always —in the makiig,  they do not_exhibit
“permanent ardabselute—eonformity to Taw of structure.; if once
“they were “wrade ™ and nnished, they wo e perfect embodi-

. eca 1 18
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exeaq iy
or equations. This is what Plato means at bottom in his own v, <,
y participation*-ofthesensible in forms and
oCtTine that the orarveia m o 1
everything. (I abstain from commenting on the further numerous
passages 1n Aristotle where the question of the relation of the dpyai piA_

of geometry to those of arithmetic is raised, since these seem to form ’

part of the polemic against Speusippus and Xenocrates, and it is bMﬂEﬂ%N(

not clear to me how far any of the views canvassed are meant to be
directly ascribed to Plato.)

Aristotle seems, as I said, to connect his complaint about the
Academic ‘“ separation ” (ywpiouds) between forms and sensible
hi i ine-we-havejust-beendiscussing. _He_
ommonly taken to mean no more than that the Platonic form

Joithe Sénsible Thing, supposed to be In some

d.’ 0
—life— It is hard to suppose that he could put such an interpretation
_on a theory which according fo himself inakes the orowyeia of HUMBer
the orowyeia of everything. Hence I think Stenzeltisomthe-right

track in Tooking for a more definite meaning in the Aristotelian
criticism, and that he has rightly indicated the direction in which
we should look. As he points out, one of Aristotle’s chief difficulties
about the “ numbers ’ is that he holds that_if ‘‘ animal ” is one

2

number and “man ” is another, we have to face the question
~whether the i i i are part of the - oni Wi
constitute “ man " or not ; (e.g. if you said " animal ” is 2, “ man "
1S 4, since 2x2 =4, “man " would seem fo be the same thing as
“amimal ” taken twice over). The complaint, as Stenzel says, is
not that an elfos is treated as something distinct from a sensible
individual, but fhat the moremmiVersal eidy, the y&y as Aristotle
calls them, are thought of a5 tho oL
that of the drouor eldo z

Aristotle’s point is that

4@.&@& > for example, has no being except as OTSE, an,”’
Tdog.” or one of the offier species which can nolonger be divided into

- _sub-species,.. This would be, in effect, a criticism on the method”
of division as practised in the Sophistes, where it is made a rule
that in summing up the result of the division into a definition, all
the intermediate differentine which have been employed must be
recapitulated. This is a procedure condemned by Aristotle’s own
doctrine that a definition need only state genus and specific differ-
ence; the specific difference includes in itself all_the iptermediate
differences. Hence, according to Stenzel, the va wpss of which
Aristotle complains is that the Platonic account of “ division ” as

! See Stenzel, Zahl u. Gestalt, 133 fi., with the Aristotelian texts discussed
there. The all-important passage is Met. Z 103750 8-1038a 35. Aristotle
urges that if, e.g., you first divide animals into footed animals and animals
without feet, and then divide the former into bipeds and others, the Platonic
rule would require you tosay that man is a “ two-footed footed animal.” But
the determination ' footed” only exists actually as contained in the more
specific determinations * two-footed,” ‘' four-footed.” The same problem

extension itself, the law gﬁ%ﬂm&ﬁ@%ﬁ%ﬁgmﬁ

therefore, as we should say, be expressible in the formof anequation

vecurs in Met. H 6, 1045a 7 fi,
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the instrument of definition is fatal to the unity of the definiendum,?
and, since the process is a direct outcome of the doctrine of péfefis,
the defect is one which requires the doctrine of uéfefis itself to
be revised. (Thus Aristotle’s rejection of the Platonic doctrine of
forms would at bottom be based on rejection of the logical tenet
that the relation of species to genus is identical with that of indi-
vidual to species.) Whether this interesting interpretation is
sound is, however, a question for the student of Aristotelianism
rather than for an expositor of Plato.?

See further :

BURNET —Greek Philosophy, Part 1., 312-324 ; Plaionism, ¢. 5,
2, 7.

Natorp, P.—Plaions Ideenlehre, 366—436. o )

BAEUMKER, C.— Das Problem dey Materie in dey griechischen Philo-
sophie, 196-200. ) o

STENZEL, ].—Zahl und Gestalt bei Platon und Arisioieles.  (1924.)

Romin, L.—La Théorie platonicienne des idées et des nombres
aprés Avistote. (Paris, 1908.) )

MirLuaup, G.—Les Philosophes-géomsiirves de la Gréce, Platon el
ses prédécesseurs. (Paris, 1900.}

TavLor, A. E.—Philosophical Studies. pp. 9I-150.

TroMPSON, D'ArRcY W.—'* Excess and Defect "’ in MiND, N.S,
149.

 Zahl u. Gestali, 126 ff. .

5 Tt seems clear that a definitive interpretation of Plate’s main thought
must start with a thorough study of the material collected in M. Robin’s great
work La Théorie platonicienne. It is time that we should make an end of the
pretence of understanding Plato by ignoring the evidence or by arbitrarily
reading into him the views of our own favourite modern metaphysicians. In
this brief chapter I have only been able to hint at the interpretation the
material suggests to myself. These hints I have fried to develop briefly in
a notice of Stenzel's book in Gnomon, ii. 7 (July 1926), and more fully in an
essay in Minp, « Forms and Numbers,” with reference to the Aristotelian
evidence. (See the reference given above.)

ADDENDA

P. 21, 1. 18 fi. It seems necessary, in view of some criticisms, to
say expressly that I regard the date 387 B.C. as a mere convenient
‘“ approximation,”” not as the known precise date of the founding of the
Academy. And, of course, my language about the long interruption
in Plato’s literary activity must be understood with the qualifications
(1) that I expressly decline to commit myself to an opinion about the
relative order of composition of Republic, Phaedo, Symposium, and
{2) that I never meant to exciude the possibility of a minor ‘“ occasional *’
violation of silence. On my own view the Menexvenus would have to
be dated ¢. 380-379. Understood in this ‘ common-sense” way, the
view that “ roughly speaking " the dialogues earlier than the Parmenides
and Theaetetus were written before the foundation of the Academy
still seems to me as probable as it did to Burnet.

P. 207, 1. 26 ff. The reality of Plato’s own personal faith inimmorta-
lity is surely put beyond doubt by the words of Ep. vii. 3354, ‘‘ one must
put genuine faith in the ancient sacred sayings which indicate that our
soul is immortal, has to face a judge, and pays the gravest penalties
when one has left the body,"” etc. (melfect 1 68 SvTwg del yo7 Tols matatols
te xal ipolc Adyoig, of &7 unpdovow Ay dbdvaroy yuyiw elvar dixacrds T
loyew xai tivew tds peyiorug Tiuwglag Stav Tig dnallaybf vod sdparoc).

P. 263, par. 2. It should be noted that the Glaucon of the Sympo-
sium is not Plato’s brother, who figures in the Republic, since (Symp.
173a) he, like Plato himself, was a mere naig at the date of Agathon’s
party.

P. 263, par. 2. Professor Burnet, in the posthumous volume of
lectures on Platonism delivered at the University of California, expresses
the opinion that the Republic and consequently the Timaeus are to
be given a dramatic date anterior to the Archidamian War (Platonism,
PP. 25-26). This would, so far as I can see, be possible but for one con-
sideration. It would compel us to hold that Perictione, since she was
the mother of two sons who are young men before 431, was af the very
least over a hundred years old in 366, when Ep. xiii refers to her as
still living. This is just possible, but hardly likely, and since I am as
convinced as Burnet himself of the genuineness of Ep. xiii.,, I would
rather not follow him on this point.

P.278,n.1. Xenophonalso (Symp.ii. g)ascribesto Socrates the thesis
that * woman’s nature is not inferior to man’s ' (3} ywawela ¢doig 0By
xelpwy 17c Tol dvdpds oloa Tvyydver), though she is not his equal in
physical strength and intelligence (yrdunc te xal loydog deitar). But
he may be dependent on Plato or Aeschines, or on both.

P. 300, . 1. Aeschines also in his Alcibiades ascribed the “ erotic”
temperament to Socrates, with special reference to his affection for
Alcibiades. (éyd 8¢ dud tov Zpwra by Erdyyavov dpdv ‘Alfiddov oddy
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